This article aims to organize positive solutions to discrete fractional boundary value problems for continuous Gâteaux differentiable functions. A generalized Gâteaux derivative is introduced using a fractional discrete operator for a Jumarie fractional operator. The method of finding solutions is based on critical point theorems of finite dimensional Banach spaces.
Definition . []
For a continuous function g : R → R and a constant > , the forward operator FW ( ) is defined by the equality FW ( )g(x) := g(x + ).
The fractional difference on the right and of the order ℘,  < ℘ <  of g(x) is defined by the formula
with its fractional derivative on the right 
Definition . [] A function ϕ : → R is called Gâteaux differentiable and verifies the Palais-Smale condition ((PS)-condition)
if any bounded sequence {x n } with lim n→∞ ϕ (x n ) * =  has a convergent subsequence.
Combining Definitions . and ., we obtain a fractional Gâteaux derivative.
Definition . Let ( , · ) be a real Banach space with the dual space * . A function ϕ : → R has a fractional Gâteaux derivative, of the order  < ℘ <  at x ∈ if ϕ (℘) (x) ∈ * exists such that for a constant > , the forward operator FW y ( ), y ∈ is defined by the equality
with the fractional difference on the right
and its fractional derivative on the right
The next results show some properties of the fractional Gâteaux derivative, which basically are generalizations of some results given in [] . Therefore, we skip the proofs.
Theorem . Suppose that is a real Banach space and F, G : → R are two continuously fractional Gâteaux differentiable functions. Assume that
and that x  ∈ and ρ  , ρ  ∈ R exist, with ρ  < F(x  ) < ρ  , thereby obtaining 
We infer that T satisfies the 
where T is bounded from below, and x  ∈ and ρ ∈ R with ρ < F(x  ) such that
We deduce that T satisfies the
We apply the above critical point theorems to find solutions to the fractional difference equation, taking the type
where
Define the Banach space as
endowed with a discrete norm
Note that T ∈ C  (B, R), T() = , and that all the critical points of T are the solutions of ().
Main findings
In this section, we introduce at least one solution to problem () with the following results.
Theorem . Consider three positive constants C, C  , and C  such that
Proof We aim to apply Theorem . on T, because the critical points of T are solutions to (). Choose ω ∈ B and define
Thus, we obtain
According to condition (), a computation implies that
We proceed to consider conditions () and ():
Similarly, we have
Thus, in virtue of Theorem ., we conclude that T has at least one critical point μ * such that
and we obtain
By letting C  = , C  = C, we obtain the following result.
Corollary . Consider two positive constants C  and C with
If
Theorem . Consider two positive constants C and such that
Proof We aim to employ Theorem . on T, where all critical points of T are solutions to (). Choose ω ∈ B as in Theorem .. We have
According to condition (), a calculation yields
We proceed to consider condition ():
Thus, in view of Theorem ., we observe that T has at least one critical point μ * such that F μ * < ρ, and we obtain
This completes the proof.
Theorem . Consider two positive constants C and γ such that
has at least one non-trivial solution.
Proof Our aim is to employ Theorem . on T, because the critical points of T are solutions to (). We put ω ∈ B as in Theorem . such that
According to condition (), a manipulation leads to
Thus, we consider condition ():
Therefore, in virtue of Theorem ., we conclude that T has at least one critical point. The boundedness of the solution is due to the (SP)-condition. The above completes the proof.
Multiplicity findings
We impose multiplicity solutions in this section.
Theorem . Let the hypothesis of Theorem
Consider two constants κ  > p and κ  >  such that for |χ| ≥ κ  , one has
If T is a Lipschitz continuous functional in B, then () admits at least two solutions.
Proof In view of Theorem ., () has at least one solution, say μ  . We use the mountain pass theorem to identify the second solution. The functional T = F -G is obviously in class C  (B, R) with T() = . Assume that μ  is a strict local minimum for T in B. Thus a constant >  satisfies
After integrating (), we observe that there are two positive constants b  and b  such that
We then proceed to identify the second solution of (). Let ν ∈ B\{}. A calculation then yields
Given that κ  > p, we have
This formula implies that the functional T has a critical point μ  := inf ν∈B max t∈R T(ν(t)), which is the second solution for (). This condition completes the proof.
In the same manner as in Theorem ., we have the following results. 
Positive findings
We focus on the positive results of problem (). For this purpose, we assume
where λ : [, N] → R is a non-negative, non-zero function and : [, +∞) → R is a continuous function with () = . We have the following result.
Theorem . Let h(k, t) be defined in () and () let be satisfied. Then the problem
has at least one positive solution μ k .
Proof By Theorem ., we conclude that () has at least one solution μ * . If σ k =  and
However, ψ p is strictly monotone, and μ j -μ j- =  and μ j+ -μ j = . Consequently, we have a positive solution. Let σ k = , we attain
≥  so μ j ≥  and μ ≥ . This completes the proof.
In the same manner as Theorem ., we have the following.
Theorem . Let h(k, t) be defined in ()
and let () hold. Then problem () has at least one positive solution μ k .
Example
Assume the problem 
